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Abstract:

This paper studied Sumudu Transform coupled with Homotopy Perturbation Method for solving Lane-Emden

equations as singular initial value problems. Sumudu Transform with Homotopy Perturbation Method was applied
to obtain the exact solutions of the linear and nonlinear singular initial value problems. Comparing this method
with some other known method, all the problems considered proved that the Sumudu Transform Homotopy
Perturbation Method are very powerful and highly effective in solving both linear and nonlinear singular initial
value problems. Three examples were considered to demonstrate the applicability and effectiveness of this method.
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Introduction

The majority of the physical models are nonlinear in nature
and several mathematical techniques have been developed by
various researchers to handle the nonlinearity of such
problems.  Actually, the Sumudu Transform (ST) with
Homotopy Perturbation Method (HPM) is one of the few
handful techniques that can be employed to systems with
periodic or discontinuous driving sources.

Lane-Emden type singular initial value problems has several
applications in Mathematics and Astrophysics (Adomian and
Rach, 1992). The Lane-Emden type differential problem of
the form : (Chandrasekhar, 1967)

y"+§y'+r(x,y) =ypx)0<x<1 1
Subject to the initial conditions
y(0) = 4, y(©)=8 2

Where t(x, y) is a continuous real valued function.

The numerical solution of Lane-Emden of problem is quite
challenging due to the behavior of singular point at origin.
Several methods have been applied by different Researchers
to obtain the approximate solutions to Lane-Emden problems.
Ramos (2008) obtained a series approach to the Lane-Emden
equations and compared the results obtained with He’s
Homotopy perturbation method. Olubanwo et al. (2015)
obtained solutions of second order nonlinear singular initial
problems by Modified Laplace Decomposition Method.
Homotopy perturbation method has been greatly employed to
obtain solutions to singular initial value problems. Arioel
(2007), EI-Mistikawy (2009) obtained an approximate
solutions of the Lane-Emden equations by using Homotopy
Perturbation Method. Homotopy Perturbation Method was
developed by He (1999). He (2003) proposed a combination
of Homotopy Perturbation Method with other techniques for
nonlinear problems. This has been applied to obtain solution
of linear and nonlinear differential problems. Olayiwola and
Adegoke (2019) combined Homotopy Perturbation method
with Laplace Transform to solve singular initial value
problems. Sumudu Transform Method was first developed by
Watugala (1993). Watugala (1998) apply Sumudu transform
to solve differential equations and control engineering
problems. Applying Homotopy Perturbation method with
Sumudu Transform (Ziane et al., 2015) is a powerful
solutions of both linear and nonlinear Lane-Emden type
differential equations which provides a better result
comparing with the exact solutions. In this paper, Sumudu
Transform with Homotopy Perturbation Method is utilized to
solve the Lane-Emden type of differential equations

Sumudu transform with Homotopy perturbation method
Here, we discuss the application of the ST-HPM for the
solution of the Lame Emden equation:

y’ +%y’+ (0, y) =P (x),0<x <1

Subject to the initial  y(x) = 4, y'(x) = B

Multiplying through by x

xy"+ 2y + xt(x,y) = xp(x), 3

Taking the Sumudu transform

S[xy] +28[y] + S[xr(x,¥)] = S[xp(x)],

Slxy’] + 2]y ] = Sy (x) — x1(x, )],

Consider the following second order Lame Emden type non
homogenous with initial condition.

&y 2dy | = 0<x<1
7t g TN =0 S x <
¥(0) = 4, y(© =58

4
Where 7(x,y)is a real function, ¥(x) is a known function
and A and B are constants multiplying eqn (4) by x and
applying the Sumudu Transform, we obtain
d*y dy _
S[xﬁ +2 0+ xt(x,y) = x(x)]
5
Using the linearity properties of the Sumudu Transform, we
get
LYW 4 oyw) -2 4 S[xr(x, )] = Shap(x, y)]
du u u
Equation (6) can be written in the form
d
2 (UY(@) — y() + uS[xz(x, y)] = uS[xp(x, y)]

Integrating equations (7) yields
Syl = £ J3 yadu + = [ u Shxr(x, y)ldu =
= o uShap(x, y)du]

7(x,y) can be decomposed into two part

(6 y) = Ky (x)) + My(x)] 9

Where K[y(x)] and M[y(x)] represent the linear and the
nonlinear terms respectively, the concept of the Homotopy
perturbation method and the He’s polynomial can be
employed to solve equation (4) and to address the nonlinear
term [y(x)] . We defined the solution y(x) by infinite series.
Y(*) = Zn=oP"yn(x) 10

Where the terms y,(x) are calculated repeatedly.The
nonlinear 7(x, y)can be given as;

My(x)] = Xa=op"Hn(¥) 1
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Where M(y) is a nonlinear term and H,(y) is the He’s
polynomial.

1 6" o
HaGoy1Y2:-9n) = L5 IMEreo Py lp=0 gy
Substituting equation (10) and (11) into (8) we obtain
- 1
J Zrzop™yn ()] == J3 y(0)du +
1 o0 o0 0
= Jy uZnzo(S [HE =0 P yn () + x Tnmo P"Hn (1)]dut) =
1 ru
This is the combination of the Sumudu transform and
Homotopy Perturbation Method (ST-HPM) using He’s

polynomial comparing the coefficients of the corresponding
power of P, we obtain the following recursive relation.

Slyo(0)] = =[5 y(wdu + = f*u Shxap (x) ] du
13
a1 ()] = = f u(slek (3 ()) + xHy, (H)]du
14
Taking the inverse Sumudu Transform of equations (13) and
(14) yields
Yo(t) = ST [y ywydu + - [ u Shap(x)]du) = H()
15
Yna(B) = ST fy u(She(m(£)) + xHn (m)]du

16
H(t) = Ho(t) + H (1)

Yo(t) = Ho(t)
y1(8) = Hy (6) + S7 (== [ u(S[xk (3, (1)) + xHy ()] )dbun 18

1 u
Yea(® =57 [ u(S[ek(n @) + xHn ()
0
The solution highly depends on the choice of Hy(t)

17

Results and Discussion
This section demonstrates the effectiveness and applicability
of the Sumudu transform and Homotopy Perturbation to solve
Lane-Emden type singular initial value problems. The
following examples were solved to demonstrate the
applicability of the method.

Example 1

Consider the singular homogenous Lame Emden type
equation (Eltayeb , Kilicman and Bachar, 2015).
&y 424V 50x2 4 3)y =0

dx? = xdx

19

With initial conditions
y0)=1 y(©=1 20

Multiplying equation (19) by x and taking the Sumudu
Transform, we have

&y, 2 _
[ x = +2 - 2x(2x +3)y]=0 21
Using the initial properties of Sumudu Transform.
LI 42y (u) - 2 4 S[-2x(2x% + 3)y] = 0

du u

22
% WY (@) —y(uw) + uS[-2(2x3 + 3x)y] =0

:—u(uY(u) —1=uS[2(2x3 + 3x)y] 23

Since S and S represent the Sumudu Transform and Sumudu
Inverse respectively, then the recursive relations can be
obtained as;

0
yo(x) =S =[du

S

N HO)

=1

Yni1(x) = st (% J;)uu (5[4x3 + 6x]yn(x)du)>

For n=0

yi(x) =871 (% fouu (S[4x3 + 6x]y0(x)du)>

st (lfuu (S[4x3 + 6x]du))
Uy

1 u
st —f u (3'4u® + 6u)du
ulo

1 u
=g-1 (E,’- u(24u* + 6u2)du>
0

= (x% + 3x)

1[24u’
)

ul 5

1[24u*
i)

u

Yo (x) =871 <lfuu (S[4x3 + 6x]y1(x)du)>
Uy

st <% fouu <S[4x3 + 6x] (%4 + xz) du)>

_ g 1J“ u’ 6u’
= o\, 5 5

47'— + 45! u® + 5! — + 3! 6u3)>

1 u 4_u8
=51 (EJ ”<7l?+ 514uC + 41 6u® + 3! 6u*
0

514u”  4l6u’

7l4u8 N 5!4u® N 41 6u® N 3! 6u*
" 45 7 7 5

x8 13x° 3x*

90+ 105 * 10
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1 u
7300 =57 5 [ w (Sl + 6aly (o)
0
=5t 1fu S[4x3 + 6x] xg+3x4+13xé+x8 d
=2 ), TR 90T 10 T 105 T 90 )M
_ g1 lf” P 12x7_|_42x9_|_4x“_|_18x5_|_78x7_|_6x9 p
=\, "\"\10 T105 T 90 TT10 T 105 T 90 )M

_ g 1]“ 7l12u7+9'4-2u"_i_11'4u11_|_5l18u5+7l78u7+9'6u9 p
=2 w10 " 105 T 90 T 10 T 105 T 790 )

_ g1 1f“ 7|12u8+9l42u10+11'4u12+5l18u6+7l78u8+9'6u1° p
= ), "\"T10 "7 105 90 " ”710 " 105 T 790 )M

_ g1 1 7{12u9+9I 421! 1 413 _|_5'18u7_|_7l 78u° Lol 6ull
- u\l"" 90 "105x11 "90x13 " 70 "105x9 "90x11
_ g 7'12u8+9l 42910 1 4y1? +5'18u6+7l 78u8 Lol 6ul®
- 90 "105x11 "90x13 70 "105x9 "90x11

B 3x6 N 17x8 N 59x10 N 1x1?
Y3 =70 T 630 " 11550 ' 3510

) o Integrating equation (29) and taking the inverse Sumudu
Therefore, the series solution is given as Transform leads to:

t) =S (= ["du) + S~ [(6axy + 4axylny)] =0 30
VOO = Yot VitV + YotV by, 2 2O =57 [y du) 46wy +daxyiny)
Applying Homotopy perturbation method

Hence the solution Tnzop "y =1+pS™t (—%fiu (S[6ax X5 p™ yn(n) +
St 1
YOO =14x 45+ 5x0 +oxt 25 4 Y o0 Yo In Do p"ylDd) 31
. . . Equating the coefficients of the corresponding power of
Equation (25) can be written in closed form as poq_ y _g 1 P gp P
1yo = 1.

y(x) = e** 26

u
Equation (26) is the exact solution of equation (19) which is  pl:y, = —S~! <EJ’ u(S[6axy, + 4ayox In yo])du>
the same as the result in Eltayeb et al. (2015). o

Example 2

Consider the nonlinear Lame Emden Fowler equation
(Olubanwo et al., 2015)

=5"1Qau?) = —ax?.

1 u
py, =—-571 (EJ u(S[6axy; + 4ay,x lnyl])du)
0

Ly 2 _
Yy taley +4yiny) =0 27
10x3! 1
Let y(0)=1, y’(0)=0 - 5—1( ; _u4) =t
Multiply equation (27) by x and taking the Sumudu Similarly, we obtain
Transform yields, 1
dzy ' y3 = — —xz
S[xﬁ+ 2y +ax(6y+4ylny)] =0 28 3 31
Using the initial properties of Sumudu Transform, we obtain y, = _lxs_
4!
a_Yw +2Y() — y@w + S[(6y +4ylny)] =0 Therefore, the series solution is given as
du u u YO =yo +y1+y2 Yz + 32
1
:—u(uY(u) —1=—uS[(6axy + 4axyIny)] = 029 y(x) =1-ax? +za2x4 - %QSXG + ia‘*xg. 33
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Equation (33) can be written in closed form as
y(x) = e~ 34

Thus, the equation (34) is the exact solution of equation (27)
which is in good agreement as the result obtained in
Olubanwo et al. (2015).

Example 3

Consider the Lame Emden equations (Olayiwola and
Adegoke, 2019)

dz—y+3(y+d—y)—y=0 35

dx?  x dx

Lety(0) =1,y'(0) =0
Multiplying equation (35) by x and taking the Sumudu
Transform yields

S[x%+2%+2y—xy]=0 36
Applying the initial properties of Sumudu Transform
dy Y(u) y(u)

T YW ==+ Sy -] =0

<@ (w) —1=-usS[(2-x)yl =0 37
Integrating equation (37) and taking the inverse Sumudu
Transform leads to

y(© =57 (3 [ du) + 57 (3 [ u(sI2 - yDdu) =0 38
Applying Homotopy perturbation method (HPM)

Zn=oP"Yn =1+pS7! (—%f;‘u(s[(Z -

OTiop" m@ldw) 39

Equating the coefficients of the corresponding power of p,
then;

p%yo=1.

iy, =-57| - [usl(z-x)y, ki
0

u 2 3
y,=-S" %IU[S[—ZX—F%—FXZ —%ﬂdu
0 ! !
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0

1 1 23
— _ 43 47" 5 .6
Y3 ="18% *36% “5200" t5040"

u

y, =87 L Juls(2-x)y,

0

1 1 7 11 1

4__— .5 6 7 _ 8
t8100° T 132300° 362880 "

V3= 7180 T270”

Therefore, the series solution is given as

YOO)=Yo+ Y1+ Yo + Y3 + Y, + 4 Y,

=1— 12 13,1 4
yx)=1 XHoxt—oxtd ot 40

Applying Taylor’s series, Equation (40) can be written as
Y =T~ 41

Equation (40) is the solution of equation (35) which is the
same as the result in (Olayiwola and Adegoke, 2019).

Conclusion

In this paper, Sumudu Transform with Homotopy Perturbation
Method was utilized to obtain the exact solutions Lane-Emden
type singular initial value problems. The main advantage of
Sumudu Transform with Homotopy Perturbation Method is
that, it provides the solution in series of rapidly convergent
sequence and introduces a significant advancement in solving
singular initial value problems over existing methods. The
solutions obtained by this method agreed with other solutions
in the references.
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